Abstract-This paper presents a new method for the decentralized solution of the dc optimal power flow (OPF) problem in large interconnected power systems. The method decomposes the overall OPF problem of a multiarea system into independent OPF subproblems, one for each area. The solutions of the OPF subproblems of the different areas are coordinated through a pricing mechanism until they converge to the global OPF solution. The prices used for the coordination of the subproblem solutions are the prices of electricity exchanges between adjacent areas. Test results from the application of the method to the three-area RTS-96 and the Balkan power system are reported.
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I. INTRODUCTION
T HE operation of large interconnected power systems was made possible through the use of decentralized automatic generation control (AGC). Each control area manages its own frequency and power exchanges in its local energy management system (EMS), and thus, the complexity and the large communication requirements of using a central EMS for the management of the interconnected power system are avoided.
In competitive power markets, producers and consumers of electricity participate in organized power exchanges and/or engage in bilateral trades of electricity. The objective of the competitive power markets is the maximization of the total social welfare, which is defined as the utility to the consumers from the consumption of electricity net the costs to the producers for producing it. As the size of the electricity marketplace expands, the total social welfare increases, since consumers have access to more efficient, remotely located resources. Thus, there is a trend to remove barriers to international electricity trade and create large multinational electricity marketplaces, such as the internal electricity market (IEM) in Europe. The role of the transmission system in facilitating electricity trade is thus very important. However, as mountains, rivers, and oceans have traditionally restricted international trade, the transmission network, especially the weak tie-lines connecting control areas, creates some natural barriers to electricity trade. The resolution of the three transmission management issues, namely congestion, transmission tariffs, and transmission losses [1] is crucial for the efficient operation of the competitive electricity market. The central management of a transmission network spanning a large number of countries/states of a large open electricity market requires, at least in theory, the online solution of the OPF problem of a huge system comprising tens of thousands of nodes. Communication and CPU requirements as well as reliability issues make such a task impossible with the current state of the art. A more manageable task is the separation of a large transmission system into regional transmission systems, each spanning the area of one or more countries/states and operated by a regional transmission operator (TSO). Such a separation already exists in the form of AGC control areas. Each TSO is responsible for its own regional transmission system management, as well as cross border trading with its neighboring TSOs. To achieve his or her goal, each TSO must solve a regional OPF, appropriately modified using information exchanged between neighboring regions, so that the overall interconnected system welfare is maximized. Thus, the role of decentralized OPF in facilitating international electricity trade is as important as the role of decentralized AGC in facilitating international interconnections of power systems.
The literature on decentralized OPF is limited. In [2] , a decentralized solution to the DC-OPF is presented. In order to decouple the DC-OPF by area, one or two fictitious buses are added on each tie-line connecting adjacent areas. The power balance equations of the fictitious buses are the coupling or complicating constraints enforced through a pricing mechanism using Lagrangian Relaxation iterations. Test results on the IEEE three-area RTS96 are presented.
In [3] , a method for the solution of the full ac decentralized OPF problem is presented. Between any two adjacent regions, an overlap region is defined, containing a "border" bus. The "border variables," associated with each border bus (real and reactive power flow through the bus as well as bus voltage magnitude and phase angle) are duplicated and coupling constraints are introduced to force all duplicated copies of a variable to be equal at optimum. The problem decomposition by area is achieved by replacing the nonseparable terms in the Augmented Lagrangian with separable terms using the auxiliary problem principle (APP) [4] , [5] .
References [6] and [7] are extensions of [3] . In [6] , the distributed OPF model described in [3] is implemented on a network of workstations. An interior point (IP) method is used to solve regional OPFs. This network implementation is tested on large real-world systems. In [7] , three mathematical decomposition coordination methods, namely the APP, the predictorcorrector proximal multiplier method (PCPM), and the alternating direction method (ADM), are applied to distributed OPF problem solution, and comparative results are presented.
In [8] and [9] , a multiarea AC-OPF is solved using the Lagrangian Relaxation method. Duality theory is used to decompose the overall problem along the boundary of the interconnected areas. A regional coordinator is responsible for the coordination of all power exchanges among areas. Tie-lines are modeled as generators (or demands) which sell (or buy) energy at the spot price set by the regional coordinator. OPF subproblems are solved for each area and coordinated through an iterative update of Lagrange multipliers associated to the coupling constraints. The multipliers are updated using three methods (subgradient, Cutting-Plane, and IP/cutting-plane) and comparative results are presented.
In [10] , a centralized IP algorithm OPF solution is compared to a decentralized Lagrangian Relaxation method solution, in which an IP algorithm is applied for the Lagrange multipliers update.
In [11] , a modified Lagrangian relaxation procedure is used for the decomposition of the AC-OPF. The method results in a special treatment of complicating constraints (i.e., constraints invoking variables of two adjacent areas). Complicating constraints are the active and reactive power balance equations at the "from" and "to" buses of the tie-lines as well as the tie-line flow limits. The decentralized OPF solution is achieved by the iterative solution of modified area OPF subproblems. At each iteration, the modified OPF subproblem of a specific area differs from a standard OPF in the following: (a) the objective function is augmented by the Lagrangian terms corresponding to the complicating constraints of the adjacent area side of all tie-lines and (b) the variables as well as multipliers of adjacent areas, that appear in the complicating constraints, are held fixed to the values they attained during the previous iteration. The convergence proof of the decomposition algorithm used in [11] is presented in [12] . This paper presents a new method for the decentralized solution of the DC-OPF of interconnected power systems. The OPF decomposition principle presented in [11] is used. However, in contrast to [11] , as well as [2] , [3] , [6] - [10] where the OPF decoupling is performed around an existing or fictitious border bus, our approach decouples the OPF around the tie-lines connecting the neighboring areas.
In the proposed decomposition method, each area solves its own modified DC-OPF subproblem and exchanges tie-line information with its neighboring areas in an iterative manner until the global DC-OPF solution is reached. Minimal central coordination is required. The information exchange between each area and a central location (super TSO) is limited to a true/false convergence flag only. All other information exchange is local, between adjacent utilities. A completely decentralized implementation, without any central coordination is also proposed in the paper.
The features that differentiate our method from other existing methods are the following.
• The OPF decoupling is performed around tie-lines and not boundary nodes.
• No parameter tuning is required. In fact, the only parameter that controls the algorithm convergence behavior is the tie-line power flow tolerance used as termination criterion. Test results from the application of the method to the 73-bus IEEE three-area RTS96 and the 583-bus Balkan power system are reported.
II. OPF PROBLEM DECOUPLING
In this section, the mathematics of the OPF decoupling are presented. The "original" OPF problem is first converted to an "equivalent" OPF problem with the addition of new problem variables related to tie-line power flows. The equivalent OPF problem is then decoupled by area defining the regional OPF subproblems whose coordinated solution solves the original OPF problem.
A. Original OPF Problem
The original DC-OPF problem for the entire interconnected power system is formulated as a mathematical optimization problem as follows:
where (2) represent the system dc power flow equations, (3) defines the slack bus voltage phase angle since (the slack bus is not omitted in (2)), (4) represents the transmission line power flow limits, and (5) the unit active power output limits. Problem (1)- (5) is a linearly constrained optimization problem, which in case of quadratic cost functions can be solved as a quadratic programming (QP) problem for the unknown vectors and .
B. Equivalent OPF Problem
As a first stage toward the OPF decoupling by area, the original optimization problem is converted to an equivalent optimization problem by adding new variables as follows: For each tie-line , , , two new variables are added, and , representing the tie-line flows from area to area and from area to area , respectively, as shown in Fig. 1 . The resulting equivalent problem is (6)
-
The solution of the equivalent OPF problem (6)- (12) for the unknown vectors , , and , is identical to the solution of the original OPF problem (1)-(5). The network admittance matrix in (7) is identical to the block of the system admittance matrix , corresponding to area , excluding admittances of area tie-lines. The original area power balance is preserved, despite this modification, due to the addition of the second term in (7) representing area tie-line exports. In the equivalent problem formulation, different symbols have been used for the notation of tie-line power flows and area internal line power flows . The area containing the system slack bus is designated as the reference area (8).
C. Regional OPF Definition
Constraints (7)- (11) of the equivalent OPF problem are easily decoupled by area, since they invoke variables of a specific area only, namely, unit power outputs within the area , area bus voltage phase angles and area tie-line exports . Coupling constraints (12) invoke the phase angles of the "to" buses of the tie-lines which belong to adjacent areas. Adding Lagrange multipliers for each constraint (7)- (12), the Lagrangian function of the equivalent problem can be formed and the problem KKT conditions can be written. The Lagrange multipliers associated with constraints (12) represent the export price of power flowing on tie-line .
The coupling constraints (12) are treated as in [11] . If and are the optimum values of the adjacent area border bus phase angles and tie-line transport prices (Fig. 1) , and each area solves the modified optimization subproblem 
then the combined KKT conditions of all area subproblems are identical to the KKT conditions of the global problem (6)-(12) (see Appendix for details). Based on the above observation, the decoupled solution of the global problem (6)- (12) can be achieved using an itera- tive algorithm, which under certain conditions [12] converges to the solution of the global OPF problem. During the -th iteration, each area solves its own modified OPF subproblem (13)-(19), in which and are treated as constants taking the values they were assigned during the previous iteration (i.e., and ). The solution defines the area variables at the -th iteration (i.e., for and for ) The decentralized DC-OPF algorithm is presented in more detail in Section III.
III. DECENTRALIZED DC-OPF ALGORITHM

A. Initialization
The algorithm is initialized by optimizing the autonomous operation of each area: All tie-line flows and export prices are set to zero , for all and all . OPF subproblems (15)-(17) are solved for each area.
The initialization phase is necessary only during the first application of the method in a new power system. In real operation, good initial values for and exist from the results of the decentralized OPF solution of the previous time interval.
B. Termination Criterion
The decoupled OPF algorithm terminates when the tie-line flows computed on both sides of each tie-line converge within tolerance (MW) (20)
C. Solution Algorithm
The decentralized DC-OPF algorithm is given in Fig. 2 . At the end of each iteration, each area exchanges three pieces of information per tie-line with its adjacent areas: the tie-line power flow , the export price and the boundary node phase angle . Each area uses the tie-line flow information in order to create an area convergence true/false flag. An area subproblem has converged if all area tie-line power flows are within tolerance (20) . If an area subproblem has not converged, the export price and boundary node phase angle information exchanged with its neighbors are used to define the area subproblem for the next iteration. Note that all information exchange, discussed so far, is local, between neighboring areas TABLE I  FUEL COSTS FOR THE IEEE 3-AREA RTS-96   TABLE II  SUMMARY 
IV. TEST RESULTS
The proposed algorithm is evaluated in three phases. Initially, test results on three different cases using the IEEE 3-area RTS-96 [13] are presented. Next, the efficiency of the algorithm is tested by presenting convergence results on test systems with increasing number of areas. Finally, test results on a medium size, real power system, the Balkan system (2nd UCTE synchronous area), are presented.
A. IEEE 3-Area RTS-96
The IEEE 3-area RTS96 [13] consists of 73 buses, 96 units, 115 internal lines, and five tie-lines. Unit cost data are derived from the heat rate data provided in [13] (fitted by quadratic functions) and the fuel cost data listed in Table I . The value of water is zero assuming excessive inflows. Maximum and minimum unit active power outputs are given in [13] . Peak load conditions are studied [13] . The system peak demand is 8550 MW.
To impose power imports on area 2, area 2 fuel prices are doubled (i.e., area 1 and 3 fuel prices are as in Table I, while  area 2 fuel prices are twice the values of Table I ).
Three cases are examined. 1) All transmission line limits are as in [13] . In the DC-OPF solution, no line limits are active.
2) The rating of line 210-212 is reduced to 200 MW, so that a line flow limit within area 2 is active in the optimal solution.
3) The rating of tie-line 223-318 is reduced to 175 MW, so that a tie-line limit is active in the optimal solution. In all cases considered, the tie-line flow tolerance is 2 MW. Bus 101 has been chosen as reference bus in all three cases. Table II summarizes the results of all three cases. It reports the system optimal cost, the number of iterations to convergence, , and the tie-line flows computed by the decentralized OPF algorithm. In case B, the power flow on line 210-212 within area 2 is limited to its 200-MW rating and the nodal prices of all buses in all three areas are slightly different from each other as expected [1] .
In case C, the power flow on tie-line 318-223 is limited to its 175-MW rating and, again, the nodal prices of all buses are slightly different from each other. Table III gives the tie-line export prices in case C. Fig. 4 illustrates the constrained tie-line (223-318) export prices , with the algorithm iterations for case C. It is observed that after an initial oscillation in the first five iterations, caused by the abrupt tie-line activation after initialization, all values converge to their optimum values. As discussed in Section III-A, in a real-life implementation of the decoupled OPF algorithm, the initial oscillation may be avoided.
In all three cases considered, the results of the decoupled OPF coincide with the results of the original OPF after 30 iterations: all quantities of interest (i.e., tie-line and internal line power flows and unit power outputs converge within a 0.01-MW tolerance to the original problem solution values).
B. Efficiency Evaluation
A set of systems with increasing number of areas, derived by replicating the IEEE 1-area RTS-96 [13] , is tested to demonstrate the efficiency of the method. The results from the test runs are summarized in Table IV . The number of iterations to convergence and computational time on a Pentium IV 1.8-GHz PC are presented. In all cases considered, the tie-line flow tolerance is equal to 1 MW. The number of iterations to convergence increases with the number of system areas. The execution time of the decentralized solution is higher than the one of the centralized solution. If all area subproblems are solved in parallel, the decentralized solution is only slightly slower than the centralized as can be verified by dividing the entries of the last column of the table by the corresponding number of areas. In any case, our goal is not execution time improvement but geographic decomposition of the OPF problem.
Significant reduction of the execution time can be achieved if, as suggested in [11] and [12] , the area subproblems are not solved to optimality at each stage of the decomposition algorithm: only one optimization iteration (e.g., a Newton one) of each area subproblem needs to be executed at each stage of the decomposition algorithm. In this way, the execution time of the centralized and the decentralized problems are similar in the case of serial implementation. 
C. Balkan System
The Balkan system topology is illustrated in Fig. 5 , and its characteristics are presented on Table V. The system consists of five areas, with a total of 583 buses, 118 units, 937 internal lines, and 11 tie-lines. The total demand of the system is 21 119 MW. The algorithm converged in 29 iterations for tie-line flow tolerance equal to 2 MW. Fig. 6 shows the evolution of two tie-line flows during the iterative procedure.
V. CONCLUSIONS
A new method for the decentralized solution of the DC-OPF problem has been presented. The method consists of the iterative solution of modified area OPF subproblems whose solutions converge to the global OPF solution. Tie-line information is exchanged at the end of each iteration between neighboring areas. Minimal central coordination is required.
Advances in decentralized OPF solution will greatly facilitate multinational electricity trade and congestion management. The interarea/intraarea congestion management model initially used in California [14] and considered in Europe [15] may be replaced by a decentralized OPF congestion management model as follows: Generators will provide raise and lower bids and loads will provide lower bids for congestion relief to their local TSOs. The TSOs will then coordinate their local congestion management decisions, with the help of the decentralized OPF software, in order to simultaneously achieve interarea and intraarea congestion management.
Work is under way to incorporate cross-border bilateral contracts and contingency constraints in the decentralized OPF.
APPENDIX
Referring to Fig. 1 
which is the modified area subproblem objective (13) . The generalization to more areas with many tie-lines is straightforward.
